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DICHOTOMIES AND ASYMPTOTIC EQUIVALENCE IN ALTERNATELY 
ADVANCED AND DELAYED DIFFERENTIAL SYSTEMS 


ANIBAL CORONEL, CHRISTOPHER MAULEN, MANUEL PINTO, AND DANIEL SEPULVEDA 


Abstract. In this paper, ordinary and exponential dichotomies are defined in differential equa¬ 
tions with equations with piecewise constant argument of general type. We prove the asymptotic 
equivalence between the bounded solutions of a linear system and a perturbed system with in- 
tegrable and bounded perturbations. 


1. Introduction 

The study of differential equations with piecewise constant argument is motivated by several 
applications coming from different fields of science and by their own mathematical definition as 
hybrid dynamical systems [2l|9l[28] . For a longer discussion on applications consult the references 
[5l[Tni[2Il[22l[26l[34l[35]. Here the meaning of hybrid is given in the sense that they combine 
the behavior of differential and difference equations. In general, the typical form of this kind of 
equations is given by the following functional equation 

x'(t) = F{t, x(t), x( 7 (t))), (1.1) 

where x ; ffi. —>■ is the unknown function, t G R usually denotes the time, F is a given function 
from R X X to C^, and 7 is a given general step function in the sense that 

7 : R R is defined by j{t) = Q for t € li = where {tjiez and {CijzGZ I 

are two given (fix) sequences such that U < Q < with ti < ti+i for each i G Z > (1.2) 

and ti —>■ ±00 when i —>■ ±00. I 

The genesis of the study of this kind of functional equations goes back to the work of Myshkis [27] , 
who proposed an equation of type (ICT-lfr^ with the particular step functions 7(t) = [t] and 
7(t) = 2 [{t + l)/2]. Here [•] denotes the greatest integer function. By simplicity of the presenta¬ 
tion, we use hereinafter the terms DEPCA and DEPCAG to refer the differential equations with 
piecewise constant argument when the step function is based on the greatest integer function and 
when the step function is of the general type given by respectively. In particular, note that 

the equations studied by Myshkis are DEPCAs. Later, in the early 80’s, a systemic analysis of 
dTHD-ira was introduced by Wiener and collaborators, see [T1IIS1I3Z1I3H] and references therein. 
Afterwards, the contribution to the development of the theory was given by many authors see for 
instance [3ll5l[7l [T0l[T7l[2TH2^[^[28ll311l841l37ll42] . Nowadays, there exist an intense and increasing 
interest to understand the qualitative behavior, to get novel applications and to solve numerically 
the equations, since a general theory for (inil-dOl) is far to be closed, see [5l[6l [TTHl5ll^[36] . 

An important point to observe is the notion of the solution or more generally the types of 
approach to analyze (ICT-lfOl). Actually, generally speaking, the notion of solution for functional 
differential equations is one of the most important tasks. Now, we recall that the original notion 
of the integration (or solution) of a DEPCA was introduced in [Tl[T6l|38] and is based on the 
reduction to discrete equations. This approach presents some disadvantages when we require a 
generalization to analyze DEPCAGs. In particular, for instance to solve the Cauchy problem 
requires that the initial moments must be integers, see [38] for details. Another approach to study 
a general quasilinear DEPCAG was introduced by Akhmet [3114] . and is based on the construction 
of an equivalent integral equation and remarking the clear influence of the discrete part. The 
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methodology of Akhmet permits to overpass the difficulties of the methodology of Wiener and 
collaborators. Moreover, Akhmet adapt the notion of solution given by Wiener and used previously 
by Papaschinopoulos to study a particular type of DEPCA, see [28] . The notion of Akhmet solution 
is given in terms of continuity of the solution on each ti, the existence of the derivatives on each 
t with possible exception of some ti and the local satisfaction of the equation, see definition 12.11 
below. Then, in spite of its functional character a quasilinear DEPCAG has similar properties to 
ordinary differential equations. For further details, consult for instance liiiiiiijiiiiMiisa. Here, 
in this paper, we use the approach of Akhmet. Thus, we do not need to impose any restrictions on 
the discrete equations and we assume more easily verifiable conditions on the coefficients, similar 
to those for ordinary differential equations. 

In this paper, we are interested in the asymptotic equivalence of some DEPCAGs. Now, in 
order to precise the different type of systems which will be used in the paper, we introduce a 
particular notation of each case. Indeed, throughout the paper, we consider that x, z, u, y, w, v 
satisfies the following particular cases of (irni-lfOl): 


x'it) 

= A(t)x{t), 

(1.3) 

z'{t) 

= A(t)zit) + B{t)zi-f{t)), 

(1.4) 

u'{t) 

= B{t)u{-fit)) 

(1.5) 

y'{t) 

= A{t)y{f) + B{f)y{-i{t)) + g{t), 

(1.6) 

w'{t) 

= A{t)w(t) + B{t)w(cf(t)) + f{t, w{t),w{j{t))). 

(1.7) 

v'{t) 

= A{t)v{t) + B{t)v{-f{t)) + gft) + fit, v{t),v{-f{t))). 

(1.8) 


Note that (|1.3I) - (I1.6I) are linear and (ini-diii) are nonlinear. The specific hypotheses about the 
different functions given on (IIISD-dllHI) are summarized on subsection EH 

We have found some previous results on the literature and specifically focused on the analysis 
DEPGAs of DEPGAGs of types (|1.4|) - ()1.7I1 . Particularly, here we comment the works of Akhmet [S] 
HI and Pinto [32], since they are more close to our contributions. Indeed, Akhmet [314] . by applying, 
his approach has obtained fundamental results about the variation of constants formula and the 
stability of the perturbed system (EH. Now, Pinto in [52], by applying a combined methodology 
based on the Green matrix and Akhmet approaches, has proven some important results related 
to the analysis of the DEPGAGs (ll.4l) - (ll.7l) . In particular, he defines an appropriate Green 
matrix associated to dm, then formulated the solution of dll]) in terms of this Green matrix 
and subsequently characterize the solution of dni by an integral equation of the first kind. Using 
the integral equation and a Gronwall type inequality for DEPGAGs, he deduces an existence 
and uniqueness of solutions for dm. Moreover, using this approach he guarantees that the zero 
solution of dEl is exponentially asymptotically stable. Finally, he gives some equivalence results 
on stability and compare his results with the corresponding ones of Akhmet mM- Probably, the 
major advantages of the approach introduced in [32] are two. Firstly, permits the introduction 
of more general hypotheses on the coefficients. Second, the Green matrix type taking account of 
the decomposition of any interval, A = in the advanced intervals and the 

delayed intervals I~ = hence permits to analyze the alternately advanced and delayed 

differential systems in a unified way. 

The paper is organized as follows. In section E] we introduce several preliminary concepts 
and results like the hypotheses, the Gauchy and Green matrices type, the notion of solution 
for DEPGAGs, the Gronwall type inequality for DEPGAGs and the notion of dichotomies and 
stability. Moreover, in section E] we give a detailed example for (II.4|) with A and B constants. In 
sections [3ll5l we present the main results of the paper which are summarized as follows 

(1) Stability of solutions for (11.711 . In Theorem 13.II we prove that the cr-exponentially stability of 
the zero solution for the linear DEPGAG dm implies cro-exponentially stability of the zero 
solution for dm, where ctq is defined in terms of cr. A, /, {tijigz and {Czjigz- 

(2) Bounded solutions for (11.61) . In Proposition iTlI we prove that g-exponentiallv stability of dm 
and a convergence of a series given in terms of the fundamental solutions for (II.3|) and dm 
implies that equation (|1.6I1 has a unique bounded solution on K.. Moreover, in Theorem l5.3l we 
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prove that there exists a unique bounded solution of the non-homogeneous linear DEPCAG 
(11.61) by assuming the linear DEPCAG (11.41) has a cr-exponential dichotomy and two series in 
terms of the fundamental solutions for da and da and the associated projection to the 
dichotomy converges, see [6] for other results. In [^, periodic and almost periodic solutions 
are also studied. 

(3) Asymptotic equivalence of (11.61) and (II.8L In Theorem 15.11 we prove that if the linear system 
da has an ordinary dichotomy and in (II.8|) / is integrable, then there exists a homeomor- 
phism between the bounded solutions of (11.61) and the bounded solutions of (11.81) . 

( 4 ) Bounded solutions for ( 11 . 71 ) . In Theorem 15.51 we prove that: if ( 11 . 41 ) has a cr-exponential 
dichotomy satisfying the requirements of Theorem 15.31 then for any ^ € PCP the nonlinear 
equation da has a unique bounded solution w on [to,oo), with Pw{tQ) = the correspon¬ 
dence ^ > u; is continuous and the bounded solution of equation da converges exponentially 
to zero as t —>■ oo. 

Moreover, we prove introduce four corollaries with particular importance in Corollary 15.21 we 

deduce that here exists a homeomorphism between and the bounded solutions of da- 


2. Preliminaries 


2.1. General and stability assumptions and notation. 

In this section we summarize several hypotheses used thorough of the paper. We organize these 
assumptions in two big groups (HI)-(H4) and (SI)-(S3). The distinction obeys fundamentally to 
the fact that (SI)-(S3) are frequently needed by the exponential stability results. 

The first group is given as follows 

(HI) Let us denote by the vectorial space of complex matrices of size nxm. We assume 

that the coefficients of ()1.3|) - (jl.7l) defined by the functions A,B\R^ cpxp and g : R —J- 
are locally integrable in M. 

(H2) For an arbitrary matrix valued function M € and for each i € Z consider 

the following notation Pi{M) = pf{M)p~{M) with pf{M) = exp ^ Jj± |M(s)|ds^ , where 
{I^, I~} is a partition of li defined as follows 

It = [^*>7(ii)] = [tiXi] and I~ = ( 7 (ti),t,+i) = (Ci,ti-Li). (2.1) 

The sets if and I~ are so called the advanced and delayed intervals, respectively. We 
suppose that the functions A and B on equations dLlll-dni) satisfy the following relations 

p{A) = sup Pi (A) < oo, vfiB) < < I, v~{B) <v~ <1, (2.2) 

zGZ 


where vf = pf{A) ln(p±(H)). 

(H3) We assume that the function / given as the third term on the right hand of the equation 
da satisfies the following three requirements: (i) / : R x x —>■ is a continuous 
function, i.e. / G (^(R x x Cp,Cp); (ii) /(t, 0,0) = 0 for each f G R; and (iii) there 
exists T] G L(qj.(R; [0, oo)) such for alH G R and all Xi, pi G C^, * = I, 2, the inequality 


f{t,xi,yi) - f{t,X 2 , 


2 / 2 ) <vit)(\xi-X2\ + \yi-y2\^ 


(2.3) 


holds. 

(H4) Let X{t) a fundamental matrix of solutions for (11.31) and denote by <I> the also called 
fundamental matrix of (jl.3|) and defined by $(t, s) = X{t)X~^{s) for {t, s) G M^. Consider 
that J : R^ —i> is defined as follows 

J(t,T)=Ip+ / s)B{s)ds, where Ip is the p X p identity matrix. (2.4) 


For each * G Z, we assume that the matrix J(t,T) is non-singular for all t,T € [ti,ti^i). 
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Here we introduce three comments about (H1)-(H4): (a) note that when A and B are constant, 
the relation (|2.2D is strongly simplified and naturally a simpler condition can be obtained; (b) the 
matrix $ defined on (H4) satisfy the following properties: 

$(r,T) = /p, = 4>(t,r), s) = <), V(s, t, r) G (2.5) 

and (c) (H2) implies (H4) (see Lemma 

Now, we introduce the following second group of hypotheses 

(51) For a given t G M denote by i{t) the unique integer such that t G /q*). We assume that 
estimate 

sup sup \Z{tAi{t))\ < oo 

is satisfied by Z{t,s) the fundamental solution of (11.41) (see subsection l2.3l) . 

(52) inf{fi+i -ti} >0 

(53) The lengths of the satisfies the following bound 

t = sup max \Ci-U, U+i - Ci f < oo (2.6) 

iGZ t t 

We note four facts: (a) (SI) is more general than (H2), since (H2) implies (SI) and condition (S2); 

(a) (S2) implies (S3); (c) for A and B constant matrices, the conditions (S2) and (S3) imply (SI); 
and (d) nowadays the most studied DEPCAGs satisfy (S3), see for instance [T1I51I71 IT51[T71[^ . 

2.2. Notion of solution for DEPCAGs. 

We state the notion of solutions for DEPCAG by following the given [Tl[T4l[T6l[T7l|38] . More 
precisely we have the following definition. 

Definition 2.1. Consider a continuous function F : I x x —>■ xC^ where I C M. and 7 is 
a general step function in the sense of m- Then a function v : / —> such that t v(t) is 
called a solution of the following DEPCAG 

v'(t) = E(t,v(t),v( 7 (t))) (2.7) 

on an interval I if: 

(a) V is continuous on I; 

(b) the derivative ’v'if) exists at each point t & I with the possible exception of the points ti G 
/, i G Z, where the one sided derivatives exist; and 

(c) V satisfies pointwise the equation (12.71) on each interval {tiAi+i) G I,i G Tj, and (12.71) holds 
for the right derivative of v at the points U G IA G 'Z. 

Naturally, the definition 12.11 can be applied to precise the notion of solution for the DEPGAG 
of types (ig-dTTl) by considering that F has a particnlar definition in each case. 

2.3. The fundamental matrix of solutions of (11.41) . 

In several parts of the paper we need the fundamental matrix of solutions of (II.4|) . For in¬ 
stance, to define the Green matrices the fundamental matrix of solntions of DEPGAG (d is a 
central concept. Now, we recall that, under the assumption (H4), there exists Z{t,s) G Cp^p a 
fundamental matrix of solutions of DEPGAG dEl, see for instance HIM]- Indeed, to construct 
Z we proceed in two steps. Firstly, we define Z(t, r) for t > t and then for t < t. Let us consider 
that (t, r) G \tjAj+i) X \tiAi+i) with t> t and j > i. By induction we can dednce that 

Z{t,T) = E{t,-f{tj))E{tj,-f{tj))-^ 

2+2 

X Y[ (^E{tk,'-f{tk-i))E{tk-i,j{tk-i))~^'^ F;(tj+i,7(r))F;(T,7(r))"\ 
k=j 

= E{tXj)E{t,Xj)-^ 

2+2 

X (^E{tkXk-l)E{tk-l,Ck-l)~^'jE{ti+iXi)E{TXi)~^, 

k=j 


for t > T, (2.8) 
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where H denotes the backward product Cfc = CnCn-i ■ ■ ■ Cm and E is the matrix defined as 

k—m 

follows 

E{t,T) = $(t,r)J(t,T) with $ and J defined on (H4). (2.9) 

Note that the property of no-singularity of the matrix on the interval li is the minimal 

requirement for the well definition of Z given on (12.81) . Now, to define Z(t,T) for t < r we note 
that Z{t,T) defined by (12.81) satisfies similar properties to (12.5|) . since we can easily deduce that 


Z{t,t) 

— dp. 

for r £ R, 

( 2 . 10 ) 

Z{t,s)Z{s,T) 

= Z{t,T), 

for T > s > t. 

( 2 . 11 ) 

Z{t,T) 

= [Zirfi)]-\ 

for t < T. 

( 2 . 12 ) 


In particular, the property (j2.12ll is important for our purpose since it allows to define Z{t,T) for 
t < T using ()2.8() . Hence Z{t, s) is completely defined on by (12.81) and ()2.12l) and naturally 

z{t) = Z{t,T)z{T) ioT t>T or z(t) = [Z{t,T)]~^ z(t) for t < r (2-13) 

defines the solution of in with initial condition {t,z{t)). 

From (|2.8I) and (12.121) and for notational convenience, we introduce the matrices Z^ as follows 

Z~^{t,s) = Z{t,s) for t > s and Z~{t,s) = [Z{s,t)]~^ for t < s, (2-14) 

where Z is evaluated by (12.81) . 

The results of this subsection are formalized below on Lemma 12.11 and Corollary 12.31 


2.4. Green matrices type. 

In this subsection, we recall the concepts and notation of Green matrices Gk and G. 

Definition 2.2. (Green matrix Gk{t.,s) for (t,s) G [tk,tk+i]‘^) Consider the notation defined on 
dm). For a given fc € Z, the Green matrix type Gk is defined from [tk,tk+i] x [tkfik+i] to 
hy the following relation 


Gk(t,s) — 


Gt {t, s), for {t, s) e [tk, tk+i] X [tk, 7(s)], 

Gk{t,s), for (t,s) e [tk,tk+i] X ( 7 (s),tfc+i], 


(2.15) 


where 


G'lft^s) = Z+(t,T)4>(r, s), forr <s <-f{s), tk<T<t, 

G'^{t,s) = Z“(t,T)$(T, S), forj{s)<S<T, t<T<tk+l. 

Here the notation Z^ is defined on (12.141) . 

In particular, the Green matrix ()2.15|) . for the advanced situation tk < s < 7 ( 5 ) = tk+i 

^ ^ j Z+{t,tk)^{tk,s), for tfe < s < 7 ( 4 ), s<t, 

^ ’ |$(t,s), for t < s < 7 ( 4 ), 

and for the delayed situations tk = 7 (s) < s 

Z“(t,tfc+i)4>(4+i,s), for 7 (s) < s < tfe+i, t>s, 

4>(t, s), for 7 ( 5 ) < s <t < tk+i- 


Gk{t,s) = 


Definition 2.3. (Green matrix G{t,s) for {t,s) G Consider the notation i{t) given on (SI). 
The Green matrix type G : R^ —>■ for s > t is defined as follows 


G{t, s) = < 


Gi{t) (G 

Gi{t){ti(^t)+i,s) + Gi(^t){t, ti{t)+i) 


i{s) = Of), 
i(s) = i(t) + 1 , 

i(s) —1 ( 2 . 16 ) 

Gi(t){ti{t)+i^'t) F ^ Gk{tk+i^'tk) + Gn^s){s,ti(s)-i)^ i{s)>i{t) + l, 
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and for s < t by the following relation 
Gi{s) ; 

^i{s) (^z(s) + l; “t“ ^i{s) iff ^2(s) + l); 


G(i,s) = 


i{s) = i[f), 
i{s) = i{t) + 1, 

m-i (2.17) 

Gi(s)(ii(s)+i,s) + i(i) >'j(s) + 1, 

fc=i(s) + l 


where Gk{-, ■) is the matrix introduced on Definition \2.2\ 


We note that 

^ fG+(t,s), fors<7(s), 

[G-(t,s), for7(s)<s, 

This fact justifies the name of ’Green matrix type’ for G. 
Moreover, Gk{tk+i,tk) = Gji'(tfc+i, = Zitj^j^iGk)^ which gives the recurrence relation: 

x{ti+i) = Z{ti+i,ti)x{ti),i e Z. (2.18) 

Note that from p.l 8 |l . we have 

3 

X{tj+i) = '^Zk{tk+i,tk)x{ti), i<j, (2.19) 

k—i 

which gives another way to obtain formula (I2.8p . It allows also to solve the linear non-homogeneous 
DEPCAG (fra . 

Here we recall an important result given in [32] . 

Lemma 2.1. Assume that the condition (H2) is fulfilled, then the condition (H4) holds and 

the matrices Z{t,s) and Z{t,s)~^ are well defined for any (t,s) G K.^ with t> s. Moreover, there 
exists a positive constant number a such that 

|$(Ls)l < \Z{t,s)\<a and \Gi{t, s)\ < ap{A) for {t, s) G [ti,ti+i], (2.20) 

for each i Gh. 


G{t,s) 

where G±(t,s) = «)• 


2.5. Variation of parameters formulas. 

A variation of parameters formula to (11.61) can be deduced by assuming that (HI) and (H4) 
holds. Indeed, in [32] was proven that the solution of the equation of (11.61) is given by 


y{t) 


Z{t,T)y{T) Z{t,T) 



3 

^{T,s)g{s)ds+ ^ Z{t, 

k=i+l 



^{tk,s)g{s)ds 


+ ^Z{t,tk+i) [ ^{tk+i,s)g{s)ds+ f ^{t,s)g{s)ds, for (r,t) e A x/j. ( 2 . 21 ) 

k=^ Jg Jq 


In particular, we have that 

rCi 1 rCfc 

y{t) = Z{t,T)y{T)+ Gf{t,s)g{s)ds + ^ / G^(t, s)g(s)ds 

k=i+l 

3 — i i 

+ X! / G~{t,s)g{s)ds+ f G~{t,s)g{s)ds, for (r, t) e/+ x , (2.22) 

fe=i •'G JQ 

where the notation is defined in dUD. Note that, using Definition 12.11 a similar formula can 
be obtained for (r, t) G I~ x I~ . To be more precise, the following theorem can be stated. 
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Theorem 2.2. Assume that the hypotheses (HI) and (H)) (or (HI) and (H2)) are fulfilled. 

Then, for any (r, (fj G M x the solution of (11.61) such that y^r) = is defined on M and is given 
by 

y{t) = Z{t,T)^ + J G{t,s)g{s)ds. (2.23) 

In particular the formula (12.231) is reduced to (12.211) or (12.221) depending if (r, t) G li x Ij or 
{T,t) G l)' X I~, respectively. 

By application of Theorem 12.21 to the DEPCAGs (11.41) . (11.51) . and (II3 we can deduce some 
useful results which are formalized in the following three corollaries. 


Corollary 2.3. J32f Assume that Aft) and B(t) satisfies the requirements of hypothesis (HI). 
Moreover, assume that (Hf) or (H2) are fulfilled. Then, the following assertions are valid 
(i) there exists Z : > Cp'^p the fundamental solution matrix of the linear system (II. 4|) and 

is given by (12.81) and (12.121) . 

(ii) for every (r, G M x CP, there exists on all o/R a unique solution (II.4|) such that z(t) = 
This solution is given by (I2.13|) . 

Furthermore, conversely, the existence of a solution z(t) = z(t,T,^) of (11.41) defined on all o/R 
implies that the condition (H4) must be true. 

Corollary 2.4. \32^ Assume that B{t) satisfies the requirement of hypothesis (HI). Then, for 

every (r, G R x the solution of DEPCAG (11.51) such that u{t) = is given by the formulae 
(12.211) and (j2.23|) with u(t) = z{t), g = 0, 4>(t, s) = Ip, or equivalently u{t) = z{t), g = Q, 
Eft, s) = Jft, s)= Ip + f* B{r)dr, 

Zft,T) = J{t,-f{tj))J{tj,^{tj))-^ 

j 

fc—2-1-2 

for ft,T) G [tj,tj+i) X [ti,ti^i) with t>T. 

Corollary 2.5. ]3Zf Assume that the hypotheses (HI) and (H4) (or (HI) and (H2)) are fulfilled, 
then for any (r, G R x C^, every wft) = wft,T,f,) solution of the quasilinear DEPCAG (11.71) 
such that wfr) = satisfies the integral equation (I2.23|) with g{s) = f{s,z{s),zff{s))) or 

w{t) = Z{t,T)^ +J G{t,s)f{s,w{s),w{'y{s)))ds. (2.24) 

Conversely, any solution of the integral equation (j2.24|) . is a solution in the sense of DeRnition \2.1\ 
of the quasilinear DEPCAC m- 


To close the subsection we remark that, using the classical method of Wiener [38], (pp. 8,18,52,88), 
several authors have obtained variation of parameters formula for the particular cases of the steps 
functions ')ft) given by \t],[t + l/2],[t 1\. They have obtained the compact formula: 

yft) = Z{t,T)y{T) + Zft,T) J ‘P{T,s)g{s)ds (2.25) 

rlii-k+i) rt 

+ '^Z{t,tk+i) / <^{tk+i,s)g{s)ds + / <^{t,s)g{s)ds, 

k=i Jiitk) djitj) 

for (r, t) G [ti,ti+i) X [tj,tj+i), which follows from ()2.23|) . (I2.16I) - (I2.17I) and (|2.15|) since Gft,s) = 
Z{t,tk+i)^{tk+i,s) for s G [ 7 (tfc), 7 (tfc+i)] = [Cfc,Cfe+i]- Under other conditions, this formula was 
extended to any DEPCAG by Akhmet |4]. This formula takes account of the intervals [C/c,Cfc+i] 
instead of the advanced intervals I^ and the delayed intervals I^. This representation allows not 
to see the Green matrix type. 
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2.6. Gronwall type inequalities for DEPCAGs. 

The Gronwall type inequality for DEPCAG introduced and proved in m is formulated in the 
following lemma. 


Lemma 2.6. \Slf Let u. n : 

integrable satisfying 


9 = sup ^ 9i ■. 9i := 2 j r]{s)ds | 
iez 1 Jii i 

Suppose that for t < t or t < t , we have the inequality 


[0, oo) be two functions such that u is continuous and rj is locally 

< 1. (2.26) 


Then 


u(t) < u{t) 


u(t) < u{t) exp 


?7(s)[m(s) + M(7(s))](is 




r]{s)ds 


with 9 = 


2-9 

1-9' 


If we consider the forward and backward situation in a separated way, then in (12.261) instead of 
integration on the all L to define 9i we need only an integration on or I~ respectively. More 
precisely, we have the following result. 


Corollary 2.7. 


The results in Lemma \2.6\ are true 


for t > T, 

if 

9 = sup 
iez 

{ot 

: 9+ := 2 iq{s)ds | < 1, 

for t < T, 

if 

9 = sup 

{A 

: 9~ r]{s)ds | < 1. 


2.7. Existence and uniqueness of solution of the quasilinear system (11.71) . 

The existence, uniqueness, boundedness, stability and continuous dependences of the solutions 
w{t) = w{t, r, of DEPCAG (11.71) are precisely stated as follows. 


Proposition 2.8. Assume that conditions (HI), (H3) and (H)-) (or (H1)-(H3))are fulfilled. 
Moreover, assume that the given function A in (HI) and the existing function rj in (H3) satisfies the 
estimate ap{A)9 < 1 with p{A), a and 9 given on (12.21) . (j2.20l) and (I2.26|) . respectively. Then, for 
every (r, S M x C^, there exists w(t) = w(t,T,f) solution of (11.71) in the sense of Definition \2. 1\ 
and satisfying the following properties: 

(i) w(t) = 

(ii) w is defined on all o/M, 

(Hi) w is solution of the integral equation (12.241) . 

(iv) w is unique and depends continuously on r and f. 

Moreover, if there exists a constant c > 1 such that 


\Z{t, s)| < c, for t>s 
and if rj G L^(IR.), then w is bounded and is stable, namely 

3ci e K+ : |w(t,r,^i) - w;(t,r,^2)| < cil^i - ^2|, Vt > r, V^i,^2eCP. 


(2.27) 

(2.28) 


The estimate ap{A)9 < 1 required as one of the hypotheses of ProDOsition l2.8l is more frequently 
written in an explicit way as follows 

9i = 2ap{A) / rj{s)ds < 9 = sup6)i < 1. 

J Ii iez 

Moreover, we remark two facts. Firstly, if we are only interested in the forward (or backward) 
continuation, i.e. only for t > t (or t < r), then instead of the condition ap{A)9 < 1 we need only 
an integration on l)' (or I~) i.e. the inequality 

2apf{A) J r]{s)ds < 9~^ < 1 ^ or 2ap~ (A) J ri{s)ds < 9^ < , 
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is required. Second, we remark that the Proposition 12.81 generalizes the corresponding results 
obtained by Akhmet Hi]. 

2.8. Exponential stability. 

The definitions of Lyapunov stability of the solutions of DEPCAG can be given in the same 
way as for ordinary differential equations. Let us formulate only one of them. 

Definition 2.4. The zero solution of DEPCAG p.7|) is a-exponentially stable if for an arbitrary 
positive e, there exists a positive number S = S{T,e) such that |^| < 6 implies that ^)| < 

for all t > T > 0. 

Let Z{t,s) be the fundamental matrix of the linear DEPCAG (jl.4|) (see (j2.8p and (12.14^ 1. 
By the representations (j2.13l) and (12.81) . the stability of linear system (11.41) can be analogously 
expressed as theorems for ordinary differential equations [51[TSl[Tnj[21] . An example of this fact is 
(12.271) and the following theorem (see [4]). 

Theorem 2.9. The zero solution of the linear DEPCAG (d is a-exponentially stable if and 
only if there exist two positive numbers c and a such that 

\Z{t,s)\ < ce~'^^*~’^\ fort>s>0. (2.29) 


By Lemma ETT] 


|G(t, s)| < cp{A)e‘^*e for t > s > 0, 

where t is the notation introduced on (S3) (see (12.61) 1. 

From the respective stability of the difference system (12.181) : 

■^(^I+l) — Z{ti-\-\^tf)z{tif i Cz 


(2.30) 


(2.31) 


whose solutions are given by 

j 

z(tj+i) = Y\_Z(tk+i,tk)z{ti) = Z{tj+i,ti)z{ti), i<j, (2.32) 

k—i 

we can formulate several theorems which provide sufficient conditions for the stability of linear 
systems of DEPCAG (11.41) . The stability of the solution z = 0 of the difference system (12.311) is 
deduced from boundedness or convergence of Z{tj+i,ti) as j —?► oo. Taking on account of formula 
(12.81) . from the hypotheses (SI) and (S2), we have, e.g. the following theorem. 

Theorem 2.10. Assume that conditions (HI), (H4), (SI) and (S3) are fulfilled and the zero 
solution of DEPCAG (11.41) is exponentially asymptotically stable if0<p<l, we have 

\E{tk+iXk)E{tk,Ck)~^\ = \Z{tk+i,tk)\ < p, k€N. (2.33) 


We observe that the condition (12.331) is the natural ones. Moreover, we note that there exist 
other conditions which permits to get similar results. For instance, under other several additional 
assumptions, Akhmet [1] consider \E{tk+i,Ck-i-i)E{tk+i,Ck)~^\ < P instead of (I2.33p . This condi¬ 
tion is equivalent to (I2.33P if A and B are constants and scalars and (S3) holds. At present, the 
DEPCAG more studied satisfy (S3) , see [Tl|3l[7l[T6l[T7l|38] and also our example given below on 
subsection 12.91 

On the other hand, we note that some interesting results similar to theorems 12.91 and 12.101 can 

be found in [il lTBl 1571155] . 
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2.9. An example for (11.41) with A and B constants. 

Study the dichotomic character in the following linear DEPCAG: 

x'(t) = Ax{t) + Bx{"f{t)) (2.34) 

where A and B are fixed real constant matrices such that A~^ exists and the function ^{t) is 
defined by sequences U and satisfying: 

Ci ^ ; ^2-1-1 — U , i ^ 

where >0 are fixed numbers. Calling, 

A(s) = + A-\e^^ - Ip)B = e^^[Ip + A-\lp - e-^^)B], 

we obtain E(t, r) = A{t — r). 

Then, to apply Theorem 12.101 we must study: 

Z{ti+i,ti) = E{ti+iXi)E{tiXi)~^ = A(u“)A(-i/+)“^ = Ai. 

For A = 0, we have A(s) = Ip + sB and 

Ai = iIp + iy-B)iIp-iy+B)-\ 

For j(t) = c[t + d/c],c >0, c > d, we have (^i = c, ti = ci — d,i'~^ = d, v~ = c — d, Ai = 
A(c — d)A{—d)~^. In particular, for the famous case of Cooke and Wiener [16], j{t) = 2[t + 1/2], 
we have Ai = A(1)A(—1)“^. The zero solution is stable if p(Ai) < 1 and exponentially stable if 
p(Ai) < 1. In these conditions, there exist c > 1 and k constants such that: 

|Z(t,r)| t>T. (2.35) 

The situation for t < t can be treated similarly. 

In the case A = a ^ 0 and B = b he scalars, i.e. the equation 

x'(t) = ax(t) + 6 x( 7 (t)), (2.36) 


we can find explicit conditions on the coefficients and the sequences for providing exponential 
stability for of zero solution of (I2.36L see |51 [TCll77ll55] . On the basis of the previous analysis, we 
must have p = |Ai| = |A(u“)A(—z/+)“^| < 1, either of the inequalities 


—b>a>0, 


[e“ 




—b>a, a < 0, 





(2.37) 

(2.38) 


is sufficient for the zero solution to be exponentially stable. For the completely delayed case = 0 
and, hence, U+i — U = the conditions (|2.37|) and ()2.38|1 are, respectively, transformed to 

—6 > a > 0, e“‘' < \—- and — b > a, a < 0, < j — -■ 

b + a b + a 

The stability for the case a = 0 can be also studied. 


3. Stability of solutions for (|1.7I1 


Theorem 3.1. Assume that the hypotheses (H1)-(H3), (SI) and (S3) are fulfilled and the zero 
solution of linear DEPCAG (11.41) is a-exponentially stable. Moreover, assume the function p on 
(H3), p{A) defined in (12.21) and a satisfy the following requirements 


0 := sup |2ce‘^*p(A) [ ? 7 (s)(is| 

lez '■ Jti ^ 


< 1 , 


P := limsup 

t —¥00 


Si v{s)ds 


< oo. 


(3.1) 


Then, there exists ao = a — pcp{A)e^^* with p = {2 — 0){1 — 0) ^ such that the zero solution of 
(ini) is aQ-exponentially stable. In particular, if rj G L^([0,oo)), then the a-exponential stability 
follows and the stability of the zero solution of (HH) implies the stability of the solution zero 

of dETj). 
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Proof. If we consider that w{t) = is a solution of (11.71) such that w{t) = ^ and, without 

loss of generality, we assume that ti < t < Q < ti+i < • • • < tj < (j < t. Then by Corollary 12.51 
and Theorem 12.21 (see (12.241) and (I2.2ip l. we have that 


w{t) = Z{t,T)w{T) + J G{t, s)f{s,w{s),w{'y{s))ds 


Z(t,T)^ + Z{t,T) 
j(t) 


Ci(x) 


s)fis, w{s), w{'j{s))ds 


Kk 

+ X] / ^{ik,s)f{s,w{s),w{n{s))ds 


k—i{T) 
rt 


r^k+i 


$(4+1, s)/(s, w{s), w{'j{s))ds 


'Ck 


+ f '^it,s)f{s,w{s),w{-f{s))ds. 


By the hypothesis of the u-exponential stability of the solution for dUD, the assumption (H3), the 
application of Theorem 12.91 and Lemma l2.11 and by (S3), we deduce the following bound for w 

|ii;(t)| < 1^1 + y 77(5)^|w;(s)| + |u;(7(s))|^ds 

j{t) 

+ X cp(A)e“'"(‘"‘''M 77(s)(|u;(s)| + |u;(7(s))|)ds 


fe = i(T) + l 

rtk 

fc— z(t) 

+p{A) f e"‘"(‘“'*^77(s)(|u;(s)| + |u;(7(s))|)ds. 


Vis){\wis)\ + |w(7(s))|)ds 


< ce-"(*-")iei+y 

which can be rewritten as follows 

nt 


cp{A)e 




^77(5) (1777(5)1 + e 1777(7(5))! ds 


u{t) < cu{t) + J cp(Al)e 77(5) (u(5) + 77(7(5))) ds with 77(t) = |777(t)|e'^*. 
Now, by virtue of the DEPCAG Gronwall inequality given on Lemma we obtain that 


, _ \ 2 _ 0 

| 777 (t)| < cexp (— cr(t — r) + c/ip(A)e^'^* y p{s)dsj with d = ^ — g' 

Hence, the last inequality combined with (13.11) proves that the zero solution is cro-exponentially 
stable. The other assertions follow similarly. The theorem is proved. □ 

If in (H3), the function 77 is constant we have an interesting result similar to the ones obtained 
previously by Akhmet in [4] under other conditions. 

Corollary 3.2. Assume that conditions (H1)-(H3), (SI) and (S3) are fulfilled. Moreover, in (H3) 
consider that 77 is constant, i.e. p(t) = 770 . Suppose that the zero solution of the linear DEPCAG 
dn is a-exponentially stable and consider that 

2 _ Q 

9 = 2ct77op(A)e^'^‘ <1, cr — cp{A)ppoe'^'^* = (Jq > 0, p = 


1-1 


Then, the solution zero of system (II3 is (jQ-exponentially stable. 
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4. Bounded solutions for (11.61) 


The bounded solutions on all of R of the linear nonhomogeneous equation (HH) can be studied 
by considering the convergence of the series 

X] l^(0>^fc+i)l / |$(tfc+i,s)|(is < oo, (4.1) 

k— — oo 7(^fc) 

Xl^(0,4+i)|/ \<P{tk+i,s)\ds < oo. (4.2) 

k=o 

As \Z{0,tk+i)\ < estimations of the integrals in (14.11) and (14.21) allow give conditions for 

convergence of the above series. For example, for tk = k and in general with (HI) and (S2), the 
conditions m and (j4.2() hold, see Lopez-Fenner and Pinto [20]. 


Proposition 4.1. Let g ^ be a bounded funetion. The following assertions with respect 
to the solution of the equation (HU are valid 

(a) Assume that (14.11) holds and the solution of (11.41) is cr- exponentially stable on R, i.e. 

\Z{t, s)| < for t > s. 

Then equation (HU) has a unique bounded solution 7 / : M ^ defined by 

pt ptk+i pt 

y{t) = / G{t,s)g{s)ds = X / Gk{t,s)g{s)ds+ <^{t, s)g{s)ds 


k— — (yo 


r^k+i 


= X Z{t,tk) / <^{tk,s)g{s)ds + X Z{t,tk+i) I ^{tk+i,s)g{s)ds 

k— — oo k— — OQ 

+ [ ^{t,s)g{s)ds. (4.3) 

Ji{t) 


(b) Assume that (14.21) holds and the following condition 

\Z{t,s)\ < s>t 

is satisfied. Then the unique bounded solution of equation (HU on R is given by 

rti ( t)+i °° rtk+i 

y{t) = - G{t,s)g{s)ds = - <^{t, s)g{s)ds - X / Gk{,t, s)g{s)d 

Jt Jt , ./.N , . Jtu 


(4.4) 


fe=i(i) + l 




^it,s)g{s)ds - X Z{t,tk) / ^{tk,s)g{s)ds 

1 . dtk. 

OO 

- X Z{t,tk+i 


k—i{t)-\-l 

(‘ik+i 

- 1 ) I ‘^{tk+i,s)g{s)ds. 


(4.5) 


k—i{t)-\-l 


(c) The map g ^ pg is continuous and satisfies the estimate 


\yg{t)\ <c\g\^ with |g|oo = sup |g(t)| with c = cp{A)e'^\ (4.6) 

tgB 

for a positive constant c independent on g. 

Proof, (a) In a standard way, it is not difficult to show that y given by (14.3|) is a well defined 
bounded function and is a solution of HU- Moreover, for g fixed, the nonhomogeneous linear 
system HU has a unique bounded solution on all of R, because for w ^ 0 any solution Z{t, t)oj of 
the homogeneous linear system ()1.3I) is unbounded as t ^ —oo. Now, we deduce that the unique 
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bounded solution of (ira is necessarily given by g31) . Indeed, from (|2.23p we have that any 
solution y of (j2.23l) is given by 


y{t) = Z{t,Q)uif G{t, s)g{s)ds, with u! = y(0). 
JO 


(4.7) 


Note that f* = +X)fc=i(o) -^Cm' S'^PPOsing, by simplicity, that Ci(o) = 0i ^^nd that 

the convergence of the series 

rCk+i 

^^(0,tfc+i) / ^{tk+i,s)g{s)ds = v-oo, (4.8) 

7_ n Cfc 

we get 


fc =0 


rt rCk+i rt 

/ G{t,s)g{s)ds = X] / Gkit,s)g{s)ds + / Gi(^t){t, s)g{s)ds 

Jo 1^ n J Ch J Ci(t) 


k=0 

/-Cfc+i 


= E 


Z{t, tk+i)^{tk+i, s)g{s)ds ■ 


k=o 


'Ci(t) 


^{t,s)g{s)ds 


/ Cfc+i cl 

^{tk+i,s)g{s)ds + / ^{t,s)g{s)ds 


fc=0 

( z( —CX)) 2 ( —oo) 

E - E I 

/c—0 k—i{t) 
pt 

^{t,s)g{s)ds. 


rCk+1 


'Ck 


^{tk+i,s)g{s)ds 


JC,i{t) 

Then, introducing ()4.8I1 and ()4.9I1 in (j4.7|) . we have 

rCfc+i 


(4.9) 


y(t) = Z{t,0)[uj + V-oo]+ E Z{t,tk+i) f ^{tk+i,s)g{s)ds + f ^{t,s)g{s)ds 

A;—— oo Ci(t) 

= [ G{t,s)g{s)ds, 

*/ —OO 

by (12.251) and taking uj = —V-oo we avoid the homogenous unbounded solution in the first term 
and (1431) is deduced. 

(b) The proof of (j4.5p when (14.4p holds, follows similarly. 

(c) To prove that y satisfies ()4.6I1 . we apply the properties of Gk and Z in (14.31) and (14.51) . 

□ 


We remark that estimations of the type \Z{0,tk+i)\ < imply (14.11) and (14.2p . More¬ 

over, we note that these kind of estimates are valid for example for the particular case tk = k and 
in general when (H2) and (S2) hold, see [20] for details. Then we have the following corollary. 

Corollary 4.2. Let g : R —be a bounded function. The results of Proposition \^.l \ are valid if 
the hypotheses (H2) and (S3) are fulfilled. 

5. Asymptotic Equivalence, Ordinary and Exponential Dichotomies. 

In Proposition [2^ we have studied a uniform stability given by (|2.28p . Its dichotomic extension 
carries us to the ordinary dichotomy which includes an unstability. 
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5.1. Ordinary dichotomy and Green matrix. 


Definition 5.1. The linear DEPCAG (11.41) has an ordinary dichotomy if there exists a projection 
P and a positive c such that \Zp(t, s)| < c for all it, s) G where the Green function Zp : —>■ 

is defined by 


Zp{t, s) = 


Z(t,0)PZ(0,s), 
^-Z(t,0)(I-P)Z(0,s), 

for a given a projection matrix P € 


t>s, 
t < s, 


(5.1) 


Definition 5.2. Gonsider that Zp denotes the function defined on dsn). Then, the Green matrix 
type G : is defined as follows 

G{t,s) := (Zp(t, •),$(•, s)) 

:= Zp{t,T) ■ ^-{t,s) 

i{t) — l 

+ Zp(t,tk)^+{tk,s) + ^ Zp(t,tk+i)^-itk+i,s) + ^{t,s), 

fc=i(r) + l fc=i(r) 

where ^±{tk,s) = ^(fk, s)lj±{s) and $(t, s) = $(t, . Here 1^ denotes the standard 

characteristic function of the set s/ C ^, i.e. = 1 for s & and Ij^^(s) = 0 for s ^ £/. 


By (12.21) we can deduce that 

\G{t, s)| < c for all (t, s) £ R^ with c = cp{A). (5.2) 

Now, for an integrable function g : [r, oo) C", we have that the solution of (11.61) is given by 


where 

y+{t) 


/ CC) pt pCXi 

G{t,s)g{s)ds = j G{t,s)g{s)ds + G{t, s)g{s)ds =: y+{t) + y_{t) 
j < Zp{t,-);<^{-,s) > g{s)ds 


KiM ^ rCk 

Zp{t,T) / ^{T,s)g{s)ds + ^ Zp{t,tk) I ^{tk,s)g{s)ds 

fc— z(t) + 1 


'tk 


/ tfc+i rt 

^{tk+i,s)g{s)ds+ ^{t,s)g{s)ds 

=l,TI 


k—i{r) 
poo 

y-{t) = - < Zp(t, •);$(•, s) > g(s)ds 


-Zp{t,tnt)+i) / <^{U^t)+i,s)g{s)ds - ^ Zp{t,tk) / <^{tk,s)g{s)ds 

1— 

OO 

— ^ Zp{t,tk+i 


fifc+i 

- 1 ) I ^{tk+i,s)g{s)ds. 


k—i(t)-\-l 


In particular, if we have an ordinary stability with P = I, \Z(t,s)\ < c, c > 1, for t > s, the 
special bounded solution on R of (11.61) is given by y'^{t) = G{t, s)g{s)ds and in the unstable 
situation P = 0, \Z{t, s)| < c, c > 1, for t < s, the special bounded solution on R of (11.61) is given 
by yg{t) = G{t, s)g{s)ds and the analogous of the bound (14.61) is stated as follows 

||2/g Iloo < c||5||l 

with c given in (15.2[) . 

Now, we prove the asymptotic equivalence between system dm) and (11.81) when the perturbation 
/ is integrable, i.e. 77 ,/(t, 0 , 0 ) £ P^([to,oo)). 
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Theorem 5.1. Assume that the linear system (11.41) has an ordinary dichotomy with projection 
P on [to,c)o) and the hypotheses (H1)-(H4) are fulfilled. Moreover, assume that instead of (H3)- 
(ii) the condition /(t, 0,0) € L^{[to,oo)) is satisfied and the function p in (H3)-(iii) is belonging 
oo)). Then there exists a homeomorphism between the bounded solutions of the linear system 
(HU) and the bounded solutions of the quasilinear system (HU. Moreover, \y{t) — v{t)\ 0 as 

< —)• oo if Z{t, 0)P —>■ 0 as t ^ oo. 


Proof. Consider that y is a bounded solution of (11.61) and denote by BC{[to, oo),C^) the space 
of bounded continuous function with the topology defined by the norm || 2 /|| = supg>j. | 2 /(s)| with 
tp = min{to,7(to)}- Now, we consider the operator £/ : BC{[to,oo),CP) BC{[to,oo),CP) 
defined by 


{£/v){t) = y{t) + / G{t,s)f{s,v{s),v{'y{s)))ds. 


' tQ 


From (j5.2D . (H3)-(i) and (H3)-(iii), we can prove that is a contraction for Iq sufficiently large, 


since 


\\s^v-y\\ < cf (? 7 (s) |t(s)| + |u( 7 (s))| + |/(s, 0,0)|)ds 

tn 


'to 

poo 


/'OO 

\\j2/vi-£/v2\\ < c ?7(s) |ui(s) - U2(s)| + |ui(7(s)) - U2(7(s))I 

Jto ^ 


ds 


with fi = 2c r]{s)ds < 1. Hence, the integral equation 

pOO 

v{t)=y{t)+ G{t,s)f{s,v{s),v{j{s)))ds (5.3) 

Jto 

has a unique bounded solution and this solution is the unique bounded continuous solution of (11.81) . 
Then, summarizing, we have that for any bounded continuous y of (II.6L the integral equation 
(15.31) has a unique bounded continuous solution v which is the solution of (11.81) . Reciprocally, 
by the properties of /, G and the integral equation is straightforward to deduce that if u is a 
bounded solution of dm) then y defined by (15.31) is a bounded solution of (11.61) . Moreover, the 
correspondence ?/ —>• u is bicontinuous, since the estimates 


lli.'i -'C2II < II2/1 -y 2 \\ + fi\\vi -U2II, \\yi -y 2 \\ < Iki -^211 + (3\\vi -11211, 


gives 


(1 + /3) ^||yi-?/2|| < Iki-P 2 II < (1-/?) ^\\yi-y2\\- 

Finally, by dm and the properties of /, we deduce that for any e > 0 there exists T > to such 
that 


^00 

J G{t,s)f{s,v{s),v{'y{s)))ds 


< c 


/; 


(2|M|i?(s) + |/(s,0,0)|)ds < 


and 


\£/vit)-y{t)\<\Z{t,0)P\ / G{0,s)f{s,v{s),v{-f{s))) 


'to 


ds + e. 


Hence, the condition \Z{t,0)P\ —>• 0 as t —)• 00 implies that \y{t) — v{t)\ —>■ 0 as t —>■ 00 . 


□ 


We note that under the conditions of the Theorem 15.11 the solutions of dm and dm are 
defined for all t > to are uniquely determined by their initial values and depend continuously 
on these initial values over any bounded interval. Then, we have the continuity property on the 
original interval [tojCxD) and not only for to sufficiently large. Moreover, we note that / is linear, 
the correspondence 1 / —> u is linear and homogeneous. Meanwhile, related with the hypothesis 
’the linear system dm has an ordinary dichotomy’, we have that this condition is satisfied, for 
instance, if ||H|| is small enough and A{t) = H is a constant matrix whose characteristic roots with 
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zero real parts of simple type or if A(t) is periodic, where the characteristic exponent with zero 
real part of simple type. 


On the other hand, we note that the equation x'{t) = 0 with P = 0 satisfies the hypothesis of 
Theorem (EU, then we can deduce a result for equation (11.51) . 

Corollary 5.2. Consider the hypotheses of Theorem 15.11 Then, there exists a homeomorphism 
between and the bounded solutions of dni). Moreover, any solution u is convergent to some 
u € <CP as t ^ oo and for every u € there exists a unique solution u of USD such that u{t) u 
as t —>■ oo. 


5.2. Exponential dichotomy and Green matrix. 

For the conditional asymptotic stability we have 


Definition 5.3. Consider that Zp denotes the function defined on (EH). Then, the linear DE- 
PC AG (ll.4|l has a a-exponential dichotomy if there exists a projection matrix P and a positive 
constant c > 0 such that \Zp{t,s)\ < 

Now, the Green matrix in Definition 15.31 satisfies the estimate 

|Gp(t, s)| < t, sGR, c = cp{A)e'^'^. (5.4) 

Remark 5.1. G. Papaschinopoulos propose to define an exponential dichotomy for lin¬ 

ear DEPCAG EH when the difference equation (I2.18|) has an exponential dichotomy. Defi¬ 
nition 1 5. A is rather a natural notion of exponential dichotomy. However, if we take A(t) = 
0,B{t) = diag(Ai(t), A 2 (f)), Ai(t) = —^ + sin(27rt), X 2 (t) = —Xi(t), tn = n for all n G Z, 
jn-es — 1 -I- cos(27r(5)) for all S G [0,1] then the difference equation (12.181) has 

an exponential dichotomy with projection P = diag(l,0) but there is no P such that the esti¬ 
mation for Zp on Definition \5.S\ is satisfied. Indeed, for t — [t] < 1/2, /j*jAi (s)(is > 0 and 
is negative for t — [t] > 1/2, while X 2 {s)ds satisfies the same with contrary sign. However, 
/j‘j Ai(s)ds = 0 = X 2 {s)ds for t - [t] = 1/2. 

Notice that a dichotomy condition on the ordinary differential equation (11.31) implies an expo¬ 
nential dichotomy on the difference equation (12.181) when |i?(t)| is small enough [20l Proposition 
2]. However, an exponential dichotomy for the difference equation on (12.181) is not a necessary 
condition for an exponential dichotomy for the ordinary differential system (11.31) . In fact, let’s 
consider = n A{t) = 0 and B{t) = diag(—|, ^). Then the exponential dichotomy for difference 
system (12.181) is satisfied, with no exponential dichotomy for the ordinary differential system (11.31) . 

Assume the convergence of the series 


k— — <X) 


E 

oo 

E 

fc =0 


7(<fc+l) 


r 

PZ{G,tk+i) / 

J •y 

{I - P)Z{0,tk+i) [ 

J •y 


^{tk+i,s)ds 


< oo. 


7(ifc+l) 


$(tfc+i,s)ds 


< oo. 


(5.5) 


(5.6) 


Note that \PZ{0,tk+i)\, |(/ — P)Z{0,tk+i)\ < and estimations of the integrals in the 

above series establish conditions for its convergence. 

For example, tk = rk,0 < r < 1 and in general (15.51) and (15.6|) are true if {H2) and {S2) hold. 
See Lopez-Fenner-Pinto [50] 

We have the fundamental result about bounded solution on R of the linear non homogeneous 
DEPCAG. 


Theorem 5.3. Let 5 : R — >• be a bounded function. Assume that the linear DEPCAG El 
has a a-exponential dichotomy such that (1531) and (1531) hold. Then there exists y : R ^ a 
unique bounded solution of the non-homogeneous linear DEPCAG (El are defined by 

/ OO pt PCX) 

G{t,s)g{s)ds = / G{t,s)g{s)ds -I / G{t, s)g{s)ds. 

-OO J —OO J t 
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Moreover the correspondence g ^ Ug defines a Lipschitz continuous operator on C^) and 

\yg\oo < cj^loo with c given by (15.41) . 

Proof. We proceed as in the proof of Proposition 14.II bv noticing that Z{t,0) can be decomposed 
as follows Z{t, 0) = Z{t, 0)P + Z(t, 0)(I — P). Moreover, in this case, we get that 

0 ' p-fitk+i) pitk+i) 

w= X! PZ{0,tk+i) ‘P{tk+i,s)ds+ '^{I - P)Z{0,tk+i) $(tfc+i,s)ds, 

fc=-oo h(tk) h(.th) 

instead of w = —V-oo- D 

We note that estimations of the type |PZ(0, tfe+i)|, |(/— P)Z(0, implies the 

convergence of the series defined on (15.51) and (15.61) . Furthermore, we observe that these kind of 
estimates are valid for example for the particular case tk = rk with r € (0,1) and in general when 
(H2) and (S2) hold, see [5D] for details. Then we have the following corollary. 

Corollary 5.4. Let g : R —> be a bounded function. The results of P/ieorem [231 htc valid if 

the hypotheses (H2) and (S2) are fulfilled. 


Now we study bounded perturbations which cannot be studied with ordinary dichotomy. 

Theorem 5.5. Assume that the linear system (El has a a-exponential dichotomy such that 
series El and (El hold and f satisfies the hypothesis (H3) with g such that \g{t)\ < go for all 
t G [to,oo). Moreover, consider that (H2) and the inequality /3 = 2c?7o((t)“^ < 1, with c defined 
in (El; are satisfied. Then, for any ^ G PC^ the nonlinear equation El has a unique bounded 
solution w on [to, oo) with Pw{to) = Furthermore, the correspondence ^ ^ w is eontinuous and 
any bounded solution w of the equation El for t > 0, satisfies 

\w{t)\<{l-l3)-^c\f\e-'^°\ t>0, (5.7) 

where 

(To = o-- ^(1 -/3)“^c77oe°'‘> 0, M = y—y, 9 = 2ctgop{A)e‘^'^* < 1, (5.8) 

with ? 7 o sufficiently small. 

Proof. The analysis of the bounded solutions for equation El is related with the nonlinear 
operator ^ : BC{[to, oo),Cp) —)> PC'([to, oo), C^) defined as follows 

nOC 

{^w){t) = Z{t,to)f,+ / G{t,s)f{s,w{s),w{j{s)))ds 

Jto 

Now, by the hypothesis ^ G PC^ we deduce that the operator ^ is equivalent to the operator £/ 
defined in the proof of Theorem l5.ll since {^w)(t) = {£/w){t) for all t G [to, oo) by considering that 
y{t) = Z{t,to)P^ = Z{t,to)f and v{t) = w{t). Then, to prove the properties of & we proceed as 
in the proof of Theorem l5.ll Indeed, consider the integral equation (15.31) with y{t) = Z(t, to)P^ = 
Z{t,to)^ and v{t) = w{t). Again jz/ (or equivalently is a contraction since 

[[.e/wi — £/w 2 \\ < fd\\wi — 70211 with /3 = 

a 

and then there exists a unique bounded continuous solution w of El- The correspondence 
^ ^ is continuous since as in Theorem 15.II 

112/6 -2/611 < c|Ci -61 +/3||2/6 “2/6II and \\y^^ < c(l -/3)"^|6 - 61- 

Now, to prove that any bounded solution of the equation El for t > 0 converges exponentially 
to 0 as t —>■ oo, we denote hy w a. bounded solution of El and define the function 

z{t) = w{t) — jz/wft). 
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Note that z is well defined, continuous and bounded on [0,oo). Moreover, z is the solution of the 
linear DEPCAG (11.41) satisfying Pz(0) = 0 and hence z{t) = Z{t, 0)(/ — P)z(O) which is bounded 
only if (/ — P)z{0) = 0. Then z{t) = 0, which implies that 

pOO 

w{t) = Z{t,0)^+ G{t,s)f{s,w{s),w{'y{s)))ds (5.9) 

Jo 

and w{t) 0 as t —>■ oo. Indeed, let 6 G (/3,1) and considering that limt_).oo |ip(t)| = ^ > 0, then 
|w(t)| < 9~^l for t > r and by (15.91) we deduce that that 


\w{t)\<\Z{t,0)m + \Z{t,0)P\ 


Zp(0, s)f{s, w{s), w{'j{s)))ds 


+136-^1 


which letting t oo, gives I < (39 which is impossible; and hence £ = 0. 
Finally, from the integral equation (15.9|) we get 


|w(t)| < ce “^‘ICI+cTyo [ e '"'J '*^(|u;(s)| + |u;(7(s))|)ds 

Jo 

>(|■u;(s)| + |w(7(s))|)ds. 


+C770 


/o 


Define 


(5.10) 


m[t) = sup |w(s)|. 

s'>t 

Since w{t) —^ 0 as t —>■ oo, m(t) exists and is monotone nonincreasing. Moreover, for each t there 
exists t > t such that 


m(t) = m{t) and m(s) = m{t) = m{t) for s G 
Thus (I5.10|) with t = i yields 

m{i) < ce“'^*|^| + c77o [ e“‘^^*“'’^(|m(s)| + |m( 7 (s))|)ds 

Jo 

pOO 

+m(f)cr7o J 

or by (15.111) 

m{t) < ce“‘^*|^| + c77o J + f3m{t), 


(5.11) 


since (3 = 2crio{a) ^ < 1, M{t) = satisfies 

M{t) < (1-/3)“^c|^| + (1 -/3)"^c77oe'^‘ / 

Jo 

which by DEPCAG Gronwall inequality Lemma [2.61 gives 

M{t) < (1 -/3)"^c|^|exp (^t/x(l -/3)"^c77oe‘^‘) 


s)\ + |M(7(s))| Ids 


or 


m{t) < (1-/3) ^c|C|exp(^- a - fi{l - 13) ^ciyoe'^* t). 


where /r and 9 are given by ()5.8I) . Thns (15.7(1 is proved. 


□ 
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